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GEOMETRY OF COMPACT QUASI-EINSTEIN
MANIFOLDS WITH BOUNDARY
RAFAEL DIO´GENES, TIAGO GADELHA, AND ERNANI RIBEIRO JR
Abstract. In this article, we study the geometry of compact quasi-Einstein
manifolds with boundary. We establish sharp boundary estimates for compact
quasi-Einstein manifolds with boundary that improve some previous results.
Moreover, we obtain a characterization theorem for such manifolds in terms of
the surface gravity of the boundary components, which leads to a new sharp
geometric inequality. In addition, we prove an integral curvature estimate
involving the Yamabe constant, which allows us to get an obstruction result
to the existence of new examples.
1. Introduction
According to the approach used by Case, Shu and Wei [16], and He, Petersen
and Wylie [26,28], a complete Riemannian manifold (Mn, g), n ≥ 2, possibly with
boundary ∂M, will be called m-quasi-Einstein manifold, or simply quasi-Einstein
manifold, if there exists a smooth potential function u onMn obeying the following
system 

∇2u = u
m
(Ric− λg) in M,
u > 0 on int(M),
u = 0 on ∂M,
(1.1)
for some constants λ and 0 < m < ∞. When m = 1 we make the additional
condition ∆u = −λu. Here, ∇2u stands for the Hessian of u and Ric is the Ricci
tensor of g.
Our motivation for studying such manifolds is that anm-quasi-Einstein manifold
corresponds to a base of a warped product Einstein metric; for more details see
[8, pg. 265] (cf. [5, Theorem 1]). Hence, it is directly related to the existence of
Einstein metrics on a given manifold. Another interesting motivation to investigate
quasi-Einstein manifolds comes from the study of diffusion operators by Bakry and
E´mery [2], which is closely tied to the theory of smooth metric measure spaces.
Moreover, 1-quasi-Einstein manifolds are more commonly called triple static spaces
and this terminology relies on the physical nature of the problem associated to the
vacuum Einstein field equations. Explicit examples of compact and noncompact
quasi-Einstein manifolds can be found in, e.g., [8, 14–16,26, 31, 34, 37].
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He, Petersen and Wylie [26–28] developed a successful study on quasi-Einstein
manifolds with no empty boundary. Among other things, they obtained a classifi-
cation result for quasi-Einstein manifolds which are also Einstein. Moreover, they
studied quasi-Einstein manifolds with constant scalar curvature. The locally con-
formally flat case was discussed in [18, 26]. In this article, we focus on nontrivial
compact m-quasi-Einstein manifolds with boundary. Hence, by Theorem 4.1 of
[26], they have necessarily λ > 0.
At this point, it seems interesting to highlight some examples. Let us start with
the standard hemisphere Sn+.
Example 1 ([28]). Let Sn+ be a standard hemisphere with metric g = dr
2 +
sin2 rgSn−1 , λ = m+ n− 1 and potential function u(r) = cos r, where r is a height
function with r ≤ pi2 . Thus, Sn+ is a compact m-quasi-Einstein manifold with bo-
undary Sn−1.
The next example has disconnected boundary.
Example 2 ([22]). Let λ > 0 be a real constant and M =
[
0,
√
m√
λ
pi
]
× Sn−1 be a
Riemannian product with metric g = dt2+ n−2λ gSn−1 and potential function u(t, x) =
sin
( √
λ√
m
t
)
. Thus, M is a compact m-quasi-Einstein manifold with disconnected
boundary. Notice that the boundary is the union of two copies of Sn−1.
We remark that if a nontrivial compactm-quasi-Einstein manifold with no empty
boundary has constant scalar curvature R, then R < nλ (see [26, Corollary 4.3]).
Specifically, Example 1 has R− nλ = −mn and Example 2 satisfies R− nλ = −λ.
Boundary estimates are classical objects of study in Geometry and Physics.
Besides being interesting on their own, such estimates are useful in proving new
classification results and discarding some possible new examples of special metrics
on a given manifold. Among the contributions that motivated this work, we pri-
marily mention the classical isoperimetric inequality and a result due to Shen [35]
and Boucher, Gibbons and Horowitz [11] that asserts that the boundary ∂M of a
compact three-dimensional oriented triple static space (i.e., 1-quasi-Einstein mani-
fold) with connected boundary and scalar curvature 6 must be a 2-sphere whose
area satisfies the inequality |∂M | ≤ 4pi, with equality if and only ifM3 is equivalent
to the standard hemisphere. In the same spirit, boundary estimates for V -static
metrics and static spaces were established in, e.g., [1,3,6,7,20,21,24,29,32]. In the
recent work [22, Theorem 1], Dio´genes and Gadelha proved an analogous bound-
ary estimate for compactm-quasi-Einstein manifoldsMn with connected boundary
∂M by assuming the following conditions:
(1) Ric∂M ≥ R
∂M
n− 1g∂M ,
(2) inf∂M R
∂M > 0, and
(3) R ≤ nλ, where R stands for the scalar curvature of Mn.
In [25, Theorem 2], Freitas and Santos showed that the same boundary estimate
holds by replacing the condition (3) by the assumption L∇uR ≥ 0, where L∇uR
denotes the Lie derivative of the scalar curvature R in the direction of ∇u.
In this article, we shall establish new sharp boundary estimates for compact
quasi-Einstein manifolds with boundary. To start with, we improve the results
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obtained in [22, Theorem 1] and [25, Theorem 2] by removing the aforementioned
conditions (2) and (3). More precisely, we have the following result.
Theorem 1. Let
(
Mn, g, u, λ
)
, n ≥ 3, be a nontrivial compact, oriented m-quasi-
Einstein manifold with connected boundary and m > 1. Then the following asser-
tions hold:
(1) If Ric∂M ≥ R
∂M
n− 1g∂M , then
|∂M | ≤ β ωn−1, (1.2)
where ωn−1 is the volume of unitary sphere Sn−1 and β =
(
m+n−1
λ
)n−1
2 .
Moreover, equality holds if and only if ∂M is isometric to the round sphere
S
n−1
(√
m+n−1
λ
)
.
(2) If n = 3, then
|∂M | ≤ (m+ 2)
λ
4pi. (1.3)
Moreover, equality holds if and only if ∂M is isometric to the round sphere
S
2
(√
m+2
λ
)
.
One new feature is that no scalar curvature condition is assumed in Theorem
1. Notice further that (1.3) implies that the area of the boundary of a three-
dimensional hemisphere is the maximum possible among all three-dimensional com-
pact m-quasi-Einstein manifolds with connected boundary.
In order to introduce the next result, we need fix a couple of notations. Given a
compact Riemannian manifold
(
Mn, g
)
with boundary ∂M (possibly disconnected)
and a smooth function u on Mn, we consider umax = maxM u and for a given
connected component ∂Mi ⊂ ∂M of the boundary we let
κ(∂Mi) =
|∇u||∂Mi
umax
∈ R
be the so called surface gravity of ∂Mi. In the Newtonian case, the surface gravity
of a rotationally symmetric massive body (e.g. a planet of the solar system) can be
physically interpreted as the intensity of the gravitational field due the body. For
further insights about the physical meaning of this concept, see [36, Section 12.5]
and [9, 10].
In the sequel, we obtain a characterization result for compact quasi-Einstein
manifolds with boundary (possibly disconnected) in terms of the surface gravity of
the connected components ∂Mi of ∂M.
Theorem 2. Let
(
Mn, g, u, λ
)
, n ≥ 3, be a nontrivial compact m-quasi-Einstein
manifold with boundary ∂M (possibly disconnected) and constant scalar curvature.
Then we have
max
i
κ(∂Mi) ≥
√
nλ−R
mn
.
Moreover, if equality holds, then Mn is isometric, up to scaling, to the standard
hemisphere Sn+ given by Example 1.
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Observe that Theorem 2 implies that the standard hemisphere Sn+ has the least
possible surface gravity among all compact m-quasi-Einstein manifolds with con-
nected boundary ∂M and constant scalar curvature. Furthermore, since 1-quasi-
Einstein manifold is precisely a static space, which has necessarily constant scalar
curvature R = (n− 1)λ, Theorem 2 extends [9, Theorem 2.1] to the m > 1 case.
As a consequence of the proof of Theorem 2, we obtain the following sharp geo-
metric inequality involving the area of the boundary and the volume of a compact
quasi-Einstein manifold with connected boundary, which can also be interpreted as
an obstruction result.
Corollary 1. Let
(
Mn, g, u, λ
)
, n ≥ 3, be a nontrivial compact, oriented m-quasi-
Einstein manifold with connected boundary, constant scalar curvature and m > 1.
Then we have:
|∂M | ≤ C V ol(M), (1.4)
where C is a positive constant (independent of u) given by C = n
√
λ
m+n−1 . Mo-
reover, equality holds if and only if Mn is isometric, up to scaling, to the standard
hemisphere Sn+ given by Example 1.
Before to discuss the next obstruction result, let us recall that the Yamabe
constant for Riemannian manifolds with boundary is given by
Y(M,∂M, [g]) = inf
0<φ∈C∞(M)
∫
M
(
4(n−1)
n−2 |∇φ|2 +Rφ2
)
dM + 2
∫
∂M Hφ
2dS(∫
M
|φ| 2nn−2 dM
)n−2
n
, (1.5)
where H is the mean curvature of ∂M and φ is a positive smooth function on Mn.
We refer the reader to [12, 23] and references therein for more details.
In [17], Catino used the Yamabe invariant to obtain a Ln/2-pinching condition
that provides a classification theorem for compact gradient shrinking Ricci soliton
of dimension 4 ≤ n ≤ 6. For a nice overview on Ricci solitons, see [13]. A similar
result was established by Huang [30]. Later, Baltazar et al. [4] proved an integral
curvature estimate involving the Yamabe constant for four-dimensional critical met-
rics of the volume functional. As is well known, the Yamabe invariant is a powerful
tool in the study of prescribed metrics. Nevertheless, in dimension four, the Yam-
abe invariant alone is too weak to obtain a classification result. This is because
4-manifolds display fascinating and peculiar features. In our next theorem, we es-
tablish an integral curvature estimate for four-dimensional compact quasi-Einstein
manifolds with boundary in terms of the Yamabe constant.
Theorem 3. Let
(
M4, g, u, λ
)
be a nontrivial four-dimensional compact, oriented
m-quasi-Einstein manifold with boundary and constant scalar curvature. Then we
have:
Y(M,∂M, [g])Φ(M) ≤ 4
√
3
(∫
M
(
|W |2 + |R˚ic|2
)
dM
) 1
2
Φ(M)
+α
∫
M
|R˚ic|2|∇u|2dM, (1.6)
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where Φ(M) =
(∫
M
u4|R˚ic|4dM
) 1
2
and α = 3m(3
√
2−1). Moreover, equality holds
in (1.6) if and only if M4 is isometric, up to scaling, to the standard hemisphere
S
4
+ given by Example 1.
Theorem 3 can be viewed as an obstruction result to the existence of new exam-
ples. Besides, a more general version for arbitrary dimension is stated in Lemma
4 of Section 5. Concerning the case m = 1, i.e., a static space, we already know
that M4 has constant scalar curvature R = 3λ. In this setting, as a consequence of
Theorem 3, we obtain the following corollary.
Corollary 2. Let
(
M4, g, u
)
be a four-dimensional compact, oriented, connected
triple static space with boundary and positive scalar curvature. Then we have:
Y(M,∂M, [g])Φ(M) ≤ 4
√
3
(∫
M
(
|W |2 + |R˚ic|2
)
dM
) 1
2
Φ(M)
+δ
∫
M
|R˚ic|2|∇u|2dM, (1.7)
where Φ(M) =
(∫
M u
4|R˚ic|4dM
) 1
2
and δ = 3(3
√
2 − 1), with equality in (1.7) if
and only if M4 is isometric, up to scaling, to the standard hemisphere S4+.
The organization of the paper is as follows. In Section 2, we review a few
preliminary facts about compact quasi-Einstein manifolds with boundary. Some
key lemmas are also discussed in Section 2. In Section 3, we present the proof of
Theorem 1. Theorem 2 and Corollary 1 are proved in Section 4. In Section 5,
we present the proofs of the integral curvature estimates stated in Theorem 3 and
Corollary 2.
2. Background
In this section, we will review some basic facts and key lemmas that will be
useful for the establishment of the main results.
We start remembering that the fundamental equation of an m-quasi-Einstein
manifold (Mn, g, u, λ), possibly with boundary, is given by
∇2u = u
m
(Ric− λg), (2.1)
where u > 0 in the interior ofMn and u = 0 on ∂M. In particular, taking the trace
of (2.1) we arrive at
∆u =
u
m
(R− λn). (2.2)
Plugging this into (2.1), one sees that
u R˚ic = m∇˚2 u, (2.3)
where T˚ = T − trT
n
g stands for the traceless part of T.
Since u > 0 in the interior of Mn and u = 0 on the boundary ∂M, one obtains
that N = − ∇u|∇u| is the outward unit normal vector. Besides, it follows from (2.1)
that, on the boundary,
∇2u = 0. (2.4)
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In particular, for any X ∈ X(∂M), we have
X(|∇u|2) = 2〈∇X∇u,∇u〉 = 2∇2u(X,∇u) = 0.
Thus, |∇u| 6= 0 is constant along ∂M (see Propositions 2.2 and 2.3 of [26]). From
now on, we set an orthonormal frame given by{
e1, . . . , en−1, en = − ∇u|∇u|
}
.
Hence, from (2.4) the second fundamental form at ∂M satisfies
hij = 〈∇eiN, ej〉 = −
1
|∇u|∇i∇ju = 0, (2.5)
for any 1 ≤ i, j ≤ n− 1. Thereby, ∂M with induced metric is totally geodesic. By
Gauss equation
R∂Mijkl = Rijkl − hilhjk + hikhjl,
we then infer
R∂Mijkl = Rijkl, (2.6)
R∂Mik = Rik −Rinkn (2.7)
and
R∂M = R− 2Rnn. (2.8)
While the twice-contracted second Bianchi identity (2divRic = ∇R) yields
divR˚ic =
n− 2
2n
∇R, (2.9)
where R˚ic stands for the traceless Ricci tensor.
Next, it is important to recall that He, Petersen and Wylie [26, Remark 5.1]
proved that the scalar curvature of every compact quasi-Einstein manifold with
boundary must satisfy
R ≥ n(n− 1)
m+ n− 1λ. (2.10)
See also [16, Proposition 3.6].
For what follows, we remember that the Weyl tensorW is defined by the following
decomposition formula
Rijkl = Wijkl +
1
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
− R
(n− 1)(n− 2)
(
gjlgik − gilgjk
)
, (2.11)
where Rijkl denotes the Riemann curvature tensor. The Einstein convention of
summing over the repeated indices will be adopted throughout the paper.
In the sequel, we recall an inequality involving the Weyl tensor for n-dimensional
Riemannian manifolds obtained by Catino [17, Proposition 2.1].
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Proposition 1. On every n-dimensional Riemannian manifold the following esti-
mate holds
∣∣∣−WijklR˚ikR˚jl + 2
n− 2 R˚ijR˚jkR˚ik
∣∣∣ ≤
√
n− 2
2(n− 1)
(
|W |2 + 8
n(n− 2) |R˚ic|
2
) 1
2
|R˚ic|2.
Now, we present a useful formula obtained previously in [22, Lemma 5].
Lemma 1. Let
(
Mn, g, u, λ
)
be an m-quasi-Einstein manifold. Then we have
u〈∆R˚ic, R˚ic〉 = 2Ru
n
|R˚ic|2 + u〈∇2R, R˚ic〉+ 2(n+m)
n
R˚ic(∇u,∇R)
+2m∇iR˚jpR˚ij∇pu+ 2u
(
R˚ipR˚kpR˚ik −RikjpR˚ijR˚kp
)
−m+ 2
2
〈∇|R˚ic|2,∇u〉.
The rest of the section is devoted to proving a key lemma that will play a
fundamental role in the proofs of Theorem 3 and Corollary 2.
Lemma 2. Let
(
Mn, g, u, λ
)
be a compact, oriented m-quasi-Einstein manifold
with smooth boundary ∂M and constant scalar curvature. Then we have
2
∫
M
u2WijklR˚ikR˚jldM =
∫
M
u2|∇R˚ic|2dM − m
2
∫
M
〈u∇|R˚ic|2,∇u〉dM
−2m
∫
M
|R˚ic(∇u)|2dM + 4
n− 2
∫
M
u2R˚ijR˚jkR˚kidM
−2m
n
∫
M
u∆u|R˚ic|2dM + 2R
n− 1
∫
M
u2|R˚ic|2dM.
Proof. By a direct computation we obtain
1
2
div
(
u2∇|R˚ic|2) = 1
2
u2∆|R˚ic|2 + 1
2
〈∇|R˚ic|2, ∇u2〉
= u2|∇R˚ic|2 + u2〈∆R˚ic, R˚ic〉+ u〈∇|R˚ic|2,∇u〉.
Thus, by using Lemma 1 and that Mn has constant scalar curvature, we infer
1
2
div
(
u2∇|R˚ic|2) = u〈∇|R˚ic|2,∇u〉+ u2|∇R˚ic|2 + 2Ru2
n
|R˚ic|2
+2mu∇iR˚jpR˚ij∇pu− m+ 2
2
u〈∇|R˚ic|2,∇u〉
+2u2R˚ipR˚kpR˚ik − 2u2RikjpR˚ijR˚kp. (2.12)
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On the other hand, from (2.11) we get
RikjpR˚ijR˚kp = WikjpR˚ijR˚kp +
1
n− 2(Rijgkp +Rkpgij −Ripgkj −Rkjgip)R˚ijR˚pk
− R
(n− 1)(n− 2)(gkpgij − gipgkj)R˚ijR˚kp
= WikjpR˚ijR˚kp − 2
n− 2RipR˚ijR˚pj +
R
(n− 1)(n− 2) |R˚ic|
2
= WikjpR˚ijR˚kp − 2
n− 2 R˚ipR˚ijR˚pj −
2R
n(n− 2) |R˚ic|
2 +
R
(n− 1)(n− 2) |R˚ic|
2
= WikjpR˚ijR˚kp − 2
n− 2 R˚ipR˚ijR˚pj −
R
n(n− 1) |R˚ic|
2. (2.13)
Plugging (2.13) into (2.12), one obtains that
1
2
div
(
u2∇|R˚ic|2) = u2|∇R˚ic|2 − mu
2
〈∇|R˚ic|2,∇u〉+ 2mu∇iR˚jpR˚ij∇pu
+
2Ru2
n− 1 |R˚ic|
2 +
2nu2
n− 2 R˚ipR˚kpR˚ik − 2u
2WikjpR˚ijR˚kp.
Now, we integrate the above expression overMn, then we use the Stokes’ formula
and that u vanishes on the boundary ∂M to infer
0 =
∫
M
u2|∇R˚ic|2dM − m
2
∫
M
〈u∇|R˚ic|2,∇u〉dM + 2m
∫
M
u∇iR˚jkR˚ik∇judM
+
2R
n− 1
∫
M
u2|R˚ic|2dM + 2n
n− 2
∫
M
u2R˚ijR˚jkR˚kidM
−2
∫
M
u2WikjpR˚ijR˚kpdM. (2.14)
Since (Mn, g) has constant scalar curvature, it follows again from Stokes’ formula,
the twice-contracted second Bianchi identity and (2.3), that
m
∫
M
u∇iR˚jkR˚ik∇judM = m
∫
M
∇i(uR˚jkR˚ik∇ju)dM −m
∫
M
R˚jkR˚ik∇iu∇judM
−m
∫
M
uR˚jkR˚ik∇i∇judM
= −m
∫
M
|R˚ic(∇u)|2dM −
∫
M
uR˚jkR˚ik
(
uR˚ij +
m∆u
n
gij
)
dM
= −m
∫
M
|R˚ic(∇u)|2dM −
∫
M
u2R˚jkR˚ikR˚ijdM
−m
n
∫
M
u∆u|R˚ic|2dM. (2.15)
Hence, substituting (2.15) into (2.14) yields
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2
∫
M
u2WikjpR˚ijR˚kpdM =
∫
M
u2|∇R˚ic|2dM − m
2
∫
M
〈u∇|R˚ic|2,∇u〉dM
−2m
∫
M
|R˚ic(∇u)|2dM − 2
∫
M
u2R˚ijR˚jkR˚kidM
−2m
n
∫
M
u∆u|R˚ic|2dM + 2R
n− 1
∫
M
u2|R˚ic|2dM
+
2n
n− 2
∫
M
u2R˚ijR˚jkR˚kidM.
The result then follows. 
3. The Proof of Theorem 1
In this section, we shall present the proof of Theorem 1. To this end, we need
to establish the following ingredient.
Lemma 3. Let (Mn, g, u, λ) be a compact m-quasi-Einstein manifold with bo-
undary ∂M and m 6= 1. Then, on boundary ∂M, we have:
(1) Ric(∇u) = −R−(n−1)λm−1 ∇u. Therefore, ∇u is an eigenvector of Ric.
(2) (m+ 1)R = (m− 1)R∂M + 2(n− 1)λ.
Proof. By the twice-contracted second Bianchi identity (2divRic = ∇R) and (2.1),
one obtains that
1
2
u∇R = udivRic = div(uRic)−Ric(∇u)
= mdiv(∇2u) + λ∇u −Ric(∇u). (3.1)
On the other hand, recall that, in general, for any smooth function f on a
Riemannian manifold (Mn, g), we have
div∇2f = Ric(∇f) +∇∆f.
Substituting this data jointly with (2.2) into (3.1), we infer
1
2
u∇R = mRic(∇u) +m∇∆u+ λ∇u −Ric(∇u)
= (m− 1)Ric(∇u) + u∇R+R∇u− nλ∇u + λ∇u,
so that
− 1
2
u∇R = (m− 1)Ric(∇u) + (R − (n− 1)λ)∇u. (3.2)
Since u vanishes on the boundary, one concludes that
(m− 1)Ric(∇u) = − (R− (n− 1)λ)∇u (3.3)
on boundary ∂M. This proves the first assertion.
Next, we use (3.3) to infer
Ric(∇u,∇u) = −R− (n− 1)λ
m− 1 |∇u|
2,
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so that
Rnn = −R− (n− 1)λ
m− 1 .
This combined with (2.8) gives
R−R∂M
2
= −R− (n− 1)λ
m− 1
and hence,
(m+ 1)R = (m− 1)R∂M + 2(n− 1)λ,
which proves the desired result. 
Now, we are going to conclude the proof of Theorem 1.
3.1. Conclusion of the proof of Theorem 1.
Proof. To begin with, plugging (2.10) into the second item of Lemma 3, we obtain
(m− 1)R∂M = (m+ 1)R− 2(n− 1)λ
≥ (m+ 1)n(n− 1)
m+ n− 1 λ− 2(n− 1)λ
=
(m− 1)(n− 1)(n− 2)
m+ n− 1 λ.
In particular, taking into account that m > 1, we deduce
R∂M ≥ (n− 1)(n− 2)
m+ n− 1 λ. (3.4)
Since Mn is compact, we already know that λ > 0 (see [26, Theorem 4.1]) and
therefore, (3.4) yields
inf
∂M
R∂M > 0. (3.5)
We now claim that
(n− 1)(n− 2)(ωn−1) 2n−1 ≥ R∂M |∂M | 2n−1 . (3.6)
This inequality was already discussed in [22]. But, we shall include a straightforward
proof here for the sake of completeness. Indeed, since
Ric∂M ≥ R
∂M
n− 1g∂M , (3.7)
it follows from (3.5) that there exists a constant θ > 0 such that Ric∂M ≥ (n− 2)θ,
where θ = 1n−2 infT (∂M) Ric
∂M (Y, Y ) with Y ∈ T (∂M) and |Y |g = 1. This infimum
is clearly achieved because ∂M is compact. In particular, choosing a unit vector
field Y ∈ T (∂M) so that Ric∂M (Y, Y ) = (n− 2)θ, one sees from (3.7) that
(n− 2)θ ≥ R
∂M
(n− 1) . (3.8)
At the same time, by Bonnet-Myers theorem we have diamg
∂M
(∂M) ≤ pi√
θ
. More-
over, by Bishop-Gromov comparison theorem one obtains that
|∂M | ≤ |B pi√
θ
(p)| ≤ |Sn−1|g
θ
= θ−
(n−1)
2 ωn−1, (3.9)
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where p ∈ ∂M, g
θ
= θ−1gcan and ωn−1 is the volume of unitary sphere Sn−1. Hence,
comparing (3.8) and (3.9), we conclude that (3.6) is in fact true.
Next, substituting (3.4) into (3.6) we arrive at
λ
(n− 1)(n− 2)
m+ n− 1 |∂M |
2
n−1 ≤ (n− 1)(n− 2)(ωn−1) 2n−1 ,
so that
|∂M | ≤ ωn−1
(
m+ n− 1
λ
)n−1
2
, (3.10)
which proves the desired estimate.
Proceeding, if equality holds in (3.10), then (3.9) also becomes equality. So,
it follows from the equality case of Bishop-Gromov theorem that ∂M is isometric
to the sphere Sn−1
(√
m+n−1
λ
)
. The reciprocal statement is obviously true. This
therefore finishes the proof of the first assertion.
We now prove the second one. Choosing n = 3 in Eq. (3.4), we obtain
R∂M ≥ 2
m+ 2
λ. (3.11)
From this, it follows that
∫
∂M
R∂MdS ≥ 2λ
m+ 2
|∂M |.
Consequently, ∫
∂M
KdS ≥ λ
m+ 2
|∂M | > 0, (3.12)
where we have used that R∂M = 2K and K is the Gaussian curvature of ∂M.
Thereby, by Gauss-Bonnet theorem we conclude that ∂M is a 2-sphere and∫
∂M
KdS = 4pi.
After plugging this into (3.12), one obtains that
|∂M | ≤ 4(m+ 2)pi
λ
.
In addition, if equality holds, we deduce from (3.11) that ∂M has constant Gaussian
curvature and therefore, the result follows from Corollary 1 in [19]. The converse
assertion is straightforward. So, the proof of the theorem is finished. 
4. The Proofs of Theorem 2 and Corollary 1
The proof of Theorem 2 is divided into two parts and takes a strategy similar
to the one by Borghini-Mazzieri [9]. We first have to obtain a Robinson-Shen type
identity for quasi-Einstein manifolds with constant scalar curvature in a fashion
designed to perform an argument based on the Maximum Principle. Accordingly,
throughout this section, we assume that (Mn, g, u, λ) is a quasi-Einstein manifold
with constant scalar curvature.
To begin with, we claim that
∇Ψ = 2uR˚ic(∇u), (4.1)
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where
Ψ := m|∇u|2 + (nλ−R)
n
u2.
To prove this, observe first that by (2.3),
uR˚ic(∇u) = m∇˚2u(∇u) = m∇2u(∇u)− m∆u
n
(∇u)
=
m
2
∇|∇u|2 − (R− nλ)
n
u∇u,
where we have used (2.2). In view of this, it then follows that
uR˚ic(∇u) = 1
2
∇
(
m|∇u|2 + nλ−R
n
u2
)
=
1
2
∇Ψ.
In conclusion, (4.1) holds true.
Proceeding, a direct computation shows
∆Ψ = div
(
2uR˚ic(∇u)
)
= 2udivR˚ic(∇u) + 2u〈R˚ic,∇2u〉+ 2R˚ic(∇u,∇u).
SinceMn has constant scalar curvature, we use the twice-contracted second Bianchi
identity, (4.1) and (2.3) to infer
∆Ψ− 1
u
〈∇Ψ,∇u〉 = 2
m
u2|R˚ic|2. (4.2)
This is precisely the desired Robinson-Shen type identity.
Now, we are ready to conclude the proof of Theorem 2.
4.1. Conclusion of the proof of Theorem 2.
Proof. Initially, we invoke (4.2) to infer
∆Ψ− 1
u
〈∇Ψ,∇u〉 ≥ 0. (4.3)
Observe, however, that the coefficient 1/u blows up at the boundary. Therefore,
before to use the Maximum Principle, we need to overcome this technical difficulty
by performing the following computation. First, it follows from [26, Proposition
2.4] that g and u are real analytic in harmonic coordinates. Thereby, we can choose
a positive number α such that, for 0 < ε ≤ α, each level set {x ∈ M ; u(x) = ε} is
regular. Considering Mε = {u ≥ ε}, one sees that the coefficient 1/u is bounded
above by 1/ε in Mε. Hence, applying the Maximum Principle, one concludes that
max
Mε
Ψ ≤ max
∂Mε
Ψ.
Moreover, we have
max
∂Mα
Ψ ≤ max
∂Mε
Ψ,
for every 0 < ε ≤ α, and
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lim
ε→0+
max
∂Mε
Ψ = m|∇u|2|∂M .
From now one, suppose that
|∇u|2|∂M
u2max
≤ (nλ−R)
mn
on ∂M. (4.4)
In view of this, one obtains that
max
∂Mα
Ψ ≤ m|∇u|2|∂M ≤
(nλ−R)
n
u2max.
On the other hand, notice that A = {p ∈M ; u(p) = umax} ⊂Mα and hence,
max
A
Ψ ≤ max
Mα
Ψ ≤ max
∂Mα
Ψ ≤ (nλ−R)
n
u2max.
But, taking into account that
max
A
Ψ =
(nλ−R)
n
u2max,
we conclude that Ψ is constant and its value coincides with (nλ−R)n u
2
max in Mα.
Since α > 0 can be chosen arbitrarily small, we then obtain that Ψ = (nλ−R)n u
2
max
on Mn. In particular, returning to (4.2), we conclude that Mn is Einstein. Thus,
it suffices to use Proposition 2.4 of [28] to conclude that Mn is isometric, up to
scaling, to the standard hemisphere Sn+.
Finally, since (4.4) implies that Mn is isometric to the standard hemisphere Sn+,
we therefore conclude that
max
i
κ(∂Mi) ≥
√
nλ−R
mn
and this proves the requested result.

4.2. Proof of Corollary 1.
Proof. Since Mn has constant scalar curvature, we already know that R < nλ.
Next, upon integrating (2.2) over Mn, we use the Stokes’ formula to obtain
−|∇u||∂M |∂M | =
(R − nλ)
m
∫
M
udM. (4.5)
Rearranging terms, one sees that
|∂M | ≤ (nλ−R)
m
umax
|∇u||∂M
V ol(M), (4.6)
where umax is the maximum value of u on M
n and |∇u||∂M denotes |∇u| restricted
to the boundary ∂M.
In order to proceed, we have to use the following inequality
|∇u|2|∂M
u2max
≥ (nλ−R)
mn
, (4.7)
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which was established in Theorem 2. To be precise, it was proved that if the
converse inequality holds (see (4.4)), then Mn is isometric, up to scaling, to the
standard hemisphere Sn+. In conclusion, (4.7) holds true for the case of connected
boundary.
Then, plugging (4.7) into (4.6) we arrive at
|∂M | ≤ nλ−R
m
√
mn
nλ−R V ol(M)
=
√
n(nλ−R)
m
V ol(M). (4.8)
On the other hand, it follows from (2.10) that
nλ−R ≤ nλ− n(n− 1)
m+ n− 1λ
=
mn
m+ n− 1λ, (4.9)
consequently,
√
n(nλ−R)
m
≤ n
√
λ
m+ n− 1 ,
which substituted into (4.8) yields
|∂M | ≤ C V ol(M), (4.10)
where C = n
√
λ
m+n−1 . This therefore gives the desired inequality.
Finally, if equality holds in (4.10), then (4.9) also becomes an equality. Hence,
we use again (2.10) to infer
R =
n(n− 1)
m+ n− 1λ.
Then, it suffices to apply [26, Proposition 5.3] to deduce thatMn is Einstein and in
this case, the result follows from Proposition 2.4 of [28]. The converse is obviously
true. So, the proof is completed.

5. Integral Curvature Estimates
In this section, we shall present the proofs of the integral curvature estimates
stated in Theorem 3 and Corollary 2. Conceptually speaking, the arguments de-
signed for the proof of Theorem 3 are mainly inspired in [17]. In this approach, we
first prove an integral estimate involving the Yamabe constant for quasi-Einstein
metrics on n-dimensional compact manifolds Mn with boundary ∂M.
Lemma 4. Let
(
Mn, g, u, λ
)
, n ≥ 3, be a compact, oriented m-quasi-Einstein
manifold with smooth boundary and constant scalar curvature. Then we have:
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0 ≥ n− 2
4(n− 1)Y(M,∂M, [g]) · Λ(M) + Θ
∫
M
u2|R˚ic|2dM
−
√
2(n− 2)
n− 1
(∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dM
) 2
n
· Λ(M)
−m(2(n− 1)
√
2n− n)
2n
∫
M
|R˚ic|2|∇u|2dM,
where
Λ(M) =
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
and
Θ =
[(m(n− 4) + 2n
2mn
)
(R − λn)− (n− 10)R
4(n− 1)
]
.
Proof. We start by using Lemma 2 and the Kato inequality |∇|R˚ic|| ≤ |∇R˚ic| to
infer
0 ≥
∫
M
u2|∇|R˚ic||2dM + 2R
n− 1
∫
M
u2|R˚ic|2dM − m
2
∫
M
u〈∇|R˚ic|2,∇u〉dM
−2m
∫
M
|R˚ic(∇u)|2dM − 2m
n
∫
M
u∆u|R˚ic|2dM
−2
∫
M
u2WijklR˚ikR˚jldM +
4
n− 2
∫
M
u2R˚ijR˚jkR˚kidM.
Appealing to Proposition 1 we obtain
0 ≥
∫
M
u2|∇|R˚ic||2dM + 2R
n− 1
∫
M
u2|R˚ic|2dM − m
2
∫
M
u〈∇|R˚ic|2,∇u〉dM
−2m
∫
M
|R˚ic(∇u)|2dM − 2m
n
∫
M
u∆u|R˚ic|2dM
−
√
2(n− 2)
n− 1
∫
M
u2
(
|W |2 + 8
n(n− 2) |R˚ic|
2
) 1
2
|R˚ic|2dM. (5.1)
On the other hand, recall that the Yamabe constant is given by
Y(M,∂M, [g]) = inf
0<φ∈C∞(M)
∫
M
(
4(n−1)
n−2 |∇φ|2 +Rφ2
)
dM + 2
∫
∂M
Hφ2dS(∫
M |φ|
2n
n−2 dM
)n−2
n
.
Besides, remembering that H = 0 on ∂M, we then obtain the following inequality
(n− 2)
4(n− 1)Y(M,∂M, [g])
(∫
M
|φ| 2nn−2 dM
)n−2
n
≤
∫
M
|∇φ|2dM + (n− 2)
4(n− 1)
∫
M
Rφ2dM.
(5.2)
Hence, since u > 0 at the interior of M, choosing φ = u|R˚ic| in (5.2), one sees that
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∫
M
|∇(u|R˚ic|)|2dM ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
− (n− 2)R
4(n− 1)
∫
M
u2|R˚ic|2dM. (5.3)
At the same time, observe that
|∇(u|R˚ic|)|2 = 〈∇(u|R˚ic|),∇(u|R˚ic|)〉
= u2|∇|R˚ic||2 + u〈∇|R˚ic|2, ∇u〉+ |R˚ic|2|∇u|2.
This substituted into (5.3) yields
∫
M
u2|∇|R˚ic||2dM ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
− (n− 2)R
4(n− 1)
∫
M
u2|R˚ic|2dM −
∫
M
u〈∇|R˚ic|2,∇u〉dM
−
∫
M
|R˚ic|2|∇u|2dM.
Then, it follows from (5.1) that
0 ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
− (n− 2)R
4(n− 1)
∫
M
u2|R˚ic|2dM
−
∫
M
u〈∇|R˚ic|2,∇u〉dM −
∫
M
|R˚ic|2|∇u|2dM + 2R
n− 1
∫
M
u2|R˚ic|2dM
−m
2
∫
M
u〈∇|R˚ic|2,∇u〉dM − 2m
∫
M
|R˚ic(∇u)|2dM − 2m
n
∫
M
u∆u|R˚ic|2dM
−
√
2(n− 2)
n− 1
∫
M
u2
(
|W |2 + 8
n(n− 2) |R˚ic|
2
) 1
2
|R˚ic|2dM.
Rearranging terms, we obtain
0 ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
− (n− 10)R
4(n− 1)
∫
M
u2|R˚ic|2dM
−m+ 2
2
∫
M
u〈∇|R˚ic|2,∇u〉dM −
∫
M
|R˚ic|2|∇u|2dM − 2m
∫
M
|R˚ic(∇u)|2dM
−2m
n
∫
M
u∆u|R˚ic|2dM −
√
2(n− 2)
n− 1
∫
M
u2
(
|W |2 + 8
n(n− 2) |R˚ic|
2
) 1
2
|R˚ic|2dM.
(5.4)
A straightforward computation shows
div(u|R˚ic|2∇u) = u|R˚ic|2∆u+ 〈∇(u|R˚ic|2),∇u〉
= u∆u|R˚ic|2 + u〈∇|R˚ic|2,∇u〉+ |R˚ic|2|∇u|2.
From this, it follows that
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∫
M
〈u∇|R˚ic|2,∇u〉dM = −
∫
M
u∆u|R˚ic|2dM −
∫
M
|R˚ic|2|∇u|2dM.
Substituting this into (5.4), we obtain
0 ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
− (n− 10)R
4(n− 1)
∫
M
u2|R˚ic|2dM +
[
m(n− 4) + 2n
2n
] ∫
M
u∆u|R˚ic|2dM
+
m
2
∫
M
|R˚ic|2|∇u|2dM − 2m
∫
M
|R˚ic(∇u)|2dM
−
√
2(n− 2)
n− 1
∫
M
u2
(
|W |2 + 8
n(n− 2) |R˚ic|
2
) 1
2
|R˚ic|2dM.
Thereby, using (2.2) and rearranging terms, we get
0 ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
+
[(
m(n− 4) + 2n
2mn
)
(R− λn)− (n− 10)R
4(n− 1)
] ∫
M
u2|R˚ic|2dM
+
m
2
∫
M
|R˚ic|2|∇u|2dM − 2m
∫
M
|R˚ic(∇u)|2dM
−
√
2(n− 2)
n− 1
∫
M
u2
(
|W |2 + 8
n(n− 2) |R˚ic|
2
) 1
2
|R˚ic|2dM.
By the Ho¨lder inequality, one obtains that
0 ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
+
[(
m(n− 4) + 2n
2mn
)
(R− λn)− (n− 10)R
4(n− 1)
] ∫
M
u2|R˚ic|2dM
+
m
2
∫
M
|R˚ic|2|∇u|2dM − 2m
∫
M
|R˚ic(∇u)|2dM
−
√
2(n− 2)
n− 1
(∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dM
) 2
n (∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
.
(5.5)
A general inequality established in [4, Eq. (3.14)] asserts that
|R˚ic(∇u)|2 ≤ (n− 1)
√
2n
2n
|R˚ic|2|∇u|2. (5.6)
Plugging this into (5.5), we arrive at
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0 ≥ n− 2
4(n− 1)Y(M,∂M, [g])
(∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
+
[(
m(n− 4) + 2n
2mn
)
(R− λn)− (n− 10)R
4(n− 1)
] ∫
M
u2|R˚ic|2dM
−m(2(n− 1)
√
2n− n)
2n
∫
M
|R˚ic|2|∇u|2dM
−
√
2(n− 2)
n− 1
(∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dM
) 2
n (∫
M
u
2n
n−2 |R˚ic| 2nn−2 dM
)n−2
n
.
This finishes the proof of Lemma 4. 
Now we are ready to complete the proof of Theorem 3.
5.1. Conclusion of the proof of Theorem 3.
Proof. Choosing n = 4 in Lemma 4 we immediately obtain
0 ≥
[
1
6
Y(M,∂M, [g])− 2√
3
(∫
M
(
|W |2 + |R˚ic|2
)
dM
) 1
2
](∫
M
u4|R˚ic|4dM
) 1
2
+
[
(m+ 2)R
2m
− 4λ
m
] ∫
M
u2|R˚ic|2dM −m (3
√
2− 1)
2
∫
M
|R˚ic|2|∇u|2dM.
From this, it follows that
Y(M,∂M, [g])Φ(M) ≤ 4
√
3
(∫
M
(
|W |2 + |R˚ic|2
)
dM
) 1
2
Φ(M)
+3m(3
√
2− 1)
∫
M
|R˚ic|2|∇u|2dM
−6
[
(m+ 2)R
2m
− 4λ
m
] ∫
M
u2|R˚ic|2dM, (5.7)
where Φ(M) =
(∫
M u
4|R˚ic|4dM
) 1
2
. Next, it suffices to use (2.10) to infer that
the scalar curvature of M4 satisfies R ≥ 12m+3λ. This inequality then implies that
(m+2)
2m R >
4λ
m and hence, returning to (5.7), one concludes that
Y(M,∂M, [g])Φ(M) ≤ 4
√
3
(∫
M
(
|W |2 + |R˚ic|2
)
dM
) 1
2
Φ(M)
+3m(3
√
2− 1)
∫
M
|R˚ic|2|∇u|2dM. (5.8)
This gives the desired integral estimate.
Supposing that equality holds in (5.8), then (5.7) forces M4 to be an Einstein
manifold, and we are in position to apply Proposition 2.4 of [28] to conclude that
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M4 is isometric, up to scaling, to the standard hemisphere S4+. The converse is
obviously true. This finishes the proof of the theorem. 
5.2. Proof of Corollary 2.
Proof. To prove this result, it suffices to use that m = 1 and R = 3λ (see [26,
Remark 5.1]) into (5.7) and discarding the nonpositive term on the right hand side.
For the equality case, we apply Lemma 3 of [33] to conclude that M4 is isometric,
up to scaling, to the standard hemisphere S4+. The desired result then follows. 
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